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ABSTRACT: Left—ensoring of deta seis somplicates mbamﬁent Fta-
tigtien] analyees. Ganorally, mubstitution or delatton metheds provide
pocr estimates of the mean and varinnes of censored aamples. These
mbethution and deletion methods include the use of values above the
detection limit { L) only, or substitution of 0, L2 or the DL for the
balw DL valuse during the caleulstion of mean and varianes. A vari-
ety of mtatisticel methode provides better estimators for differsnt
typea of dintributione apd censering. Maximnem likelihood and order
siatigtics methods compare fevorably Lo the substitution or delation
mthods, Belectsd statigtical methods applicakl« to left -censaring of
environmental data peta are reviewed with the purpasa of demen-
sirating the use of thene statistical methede lr mping with Type 1

{and Type IT} laft-consoring of normelly and log-normally distriboted
environmental data sety. A PC program (UNCENSOR] in presented
that implements thess gtatistiral methods. Problems associatad with

date sets with multiple DLa sre discuesed relative to censoring meth-
nds for Jife und fatigue tostx aa recontly applied to water quality date
BaiA

[I{E:k'TERMS: menn; varjance; detoction limit; ceasornd dota; envi-
renmental data; statintical annslysis.)

INTRODUCTION

The oceurrence of values below the detaction limit
{DL) in environmental data sets i# a major statistical
complication, Uncertainty about the actual vaiues be-
low the DL can bias or preclude subsequent statistical
analyses. Consequently, the use of such data (left-cen-
sored) for defining conditions and detecting trends or
relationships can be compromised deapite the most rig-
prous quality assurance program.

The peint at which left-censoring occurs will be
within c¢ne of several regtons of analytical! measure-
ment. For example, Keith ef al. {1983) defined three re-
gions of measurement: the region of high uncertainty,
the region of less-certain analysis, and the region of
quantitation. The region of high uncertainty lies below
the DL. The region of leas-certain quantitation has a
lower limit at the DL and an upper limit at the concen-

tration at which the certainty level for the sample con-
centration iz 130 percent (confidence level=99 percent).
Thia upper limit is called the limit of quantitation
{LOQ). The region of quantitation is contained within
the region of linearity of the calibration curve above the
DL. Keith e al. (1983) suggested that "quantitative in-
terpretation, decision-making and regulatory actionz
should be limited to data at or above the limit of quan-
titation.” Thus, left-censoring could occur at the LOG.
Their recommendation that the LOQ be considered the
data-reporting limit (Gilliom et al. 1984) is laudable
when only the analytical process is considered.
However, legal constraints on methodology, inclusion of
control or "upstream” sampling sites, and wide tempo-
ral fluctuations in chemical variables often produce
data sets with values in all regions of measurement.
Their recommendation that data be eliminated from
statistical interpretation because a subset of gites or

samplings was characterized by values leas than the

LOQ would severely limit the atility of the data set
(Porter et ol. 1988}, In contrast to Keith ef al. (1983),
(Gilbert and Kinnison {1981), Gilliom ef al. (1984), and
Parter ef al. (1388) advocate the retention of values less
than the DL in data sets to avoid unnecesgary loss of
informaticn. Other workers have defined less extreme
methods of coping with this scurce of uticertainty, Most
involve left-censoring of data sets at the DL.

The nature of left-censoring can vary within and
hetween date sets. Types of censoring originally defined
for life or failure testing (right-censoring) are also used
to categorize types of left censoring. In Type I eensor-
ing, the point of censoring is fixed Ffor all ohservations
and the number of censored ohservations varies, The
mast common occurrence of left-censoring of environ-
mental data sets involves samples that have a common

lPaper No. 88143 of the Water Resources Bulletin. Discussions are open until Aprd 1, 1990,
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and well-defined point of censoring, the DL. In contrast,
Type II cenaaring ia characterized by random points of
censoring and a fixed portion of the observations cen-
sored. Gilbert and Kinnison (1981) give the following
example of Type II censoring for assays of environ-
mental radicactivity. Type II censoring applies if, before
an: analytical session, counting times are set using prior
understanding of the range of activities in the sample
set such that a fixed proportion of all observations will
remain undetected. This may be done for time man-
agement as some saMples may require excessively long
vounting times for adequate quantification. Methods of
eoping with these two types of censoring will be defined
in this report.

Unfortunately, more complex forms of Type I or 11
censoring often oceur in data sets from environmental
monitoring. These complex forms of censoring are des-
ignated herein as multiple detection limit censering
{(MDLC); they are characterized by a randomly or
mongtonically varying DL between subsets of observa-
tions within the data set. For example, five sites on a
stream were sampled monthly for & period of five years.
Each time that samples were taken, a DL was caleu-
lated. However, analytical factors produced a signifi-
cently different DL for each sampling event. Therefore,
when the entire semple set was analyzed statistically
in=300), esch subset of five chservations (5
sites’sampling) had a different DL from other subsets in
the data set. Alternatively, the DL over the five years of
sampling could have decreased with improved methods.
In this case, the DL for each sampling subset would de-
¢rease in a monotonic fashion with increased duration
of sampling, MDLC is similar to progressive censoring
as defined for right censoring in this case. In our
opimion, MDLC occurs oflen in environmental data sets:
however, the results are often trested as singly cen-
sored data of Type L. Unfortunately, the problems asso-
cisted with treating MDLC dsta as singly censored
Type I or Type II, or progressively censored data are
vnly presently being defined (Helsel and Cohn, 1988).

Statistical techniques to accurately handle censored
data have been developed during the last thirty yesrs
but are not yet widely used for environmental data.
Many enalysts still omit values below the DL or repiace
them with the DL, DL/2 ot 0 prior to calculating means
and variances. The statistical properties of several es-
timators of means and variatces have been recently re-
viewed by Schneider (1986) and Porter ef of. {1988}, but
they did not present a decision-maker possessing an
average statistice background with easily aceessible
methods of dealing with censored data sets, Gleit
{1985}, and Gilliom and Heisel (1986) have recently ex-
amined the properties of some technigues in a statisti-
cally rigorous manner that are not intended to provide
the non-statistician with easily implemented proce-
dures,
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The present work identifies and illustrates the most
generally useful of several current methods for dealing
with both Type I and II censored data. Recom-
mendations derived by simulations (Gleit, 1985; Gilliom
end Helsel, 1966) will be discussed. The text in
combination with a Pasecal program (UNCENSOR) pro-
vides the non-statistician with the tools necessary to
effectively estimate the mean and variance of data sets
containing below DL values. Further, potential prob-
lems associated with MDLC and current guidelines for
estimating asscciated means and variances will be dis-
cussed.

METHCDS
General

Three water quality data sets were selected to
represent typical situations: a normally distributed
sample with many cbservations, a log-normally dis-
tributed sample with many ohservations and & nor-
mally distributed sample with few observations. All
data were produced by analyses deemed "in control” by
a rigorous quality control/quality assurance program.
Nonge of the observations in the three data sets were
below the DL. The statistical consequences of increas-
ingly poar DL were illustrated by artificially censoring
each data set. Any value below an arbitrary DL was
replaced with "below DL, Means and variences of each
data set were estimated by the following methods:

using only values above the DL,

replacing values below DL with 0,

replecing values beliow DL with DL/2,
replacing values below DL with the DL,
regression on expected order statisties (ROS),
maximum likelihood estimation (MLE),
one-step restricted MLE,

bias-corrected MLE.

R

“Detection limits” were arbitrarily ¢hosen to censor
fram 0% to 6{% of the values in each data set. The rel-
ative ervors of the estimates of mean and standard de-
viation were then compared aver the range of censoring
intensities. Relative error was defined as 100%
[(Censored-Noncensored Estimated{Censored
Estimate)],

Choice of Methods

At least two criteria can be used to choose a good es-
timator: bias and mean-squared error {(MSE}. Both can
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be evaluated by simulating many random data seta and
computing Bn eatimate from each one. Bias is the dif-
ference between the true value and the average esti-
mated value. Mean-aquared error (Variance + Biasf)
measures overall Accuracy by generalizing the variance.
Numerous estimators have been propesed to estimate
the mean or variance from censored, normally dis-
tributed data {see discussion). Many methods were de-
veloped as short-cut spproximations to simplify hand
calculations; other techniques were developed for Type
I censoring. For this reason, they may not be appropri-
nte for Type I censored data, Schneider (1986) described
several of the methods for estimating parametera of
censored, normal distributions. Four methods with low
bias and MSE were selected based on his simulations of
Type Il censoring,

In general, maximum likelihood estimators {MLEs)
have good statistical properties. MLEs for Type I cen-
sorefl normal distributions were derived by Cohen
{1950); they do not have a closed-form solution and
must be splved iteratively or by using a table {Cohen,
1959). They have the smallest mean-squared error of
the availabie techniques, even for samples with small
numbers of ohservations {Harter and Moore, 1966). The
iterationn required to calculate Cohen's estimator can
be avoided by finding the solution to a restricted likeli-
hood function, which can be sclved directly (Persson
and Rootzen, 1977). Both the iterative MLE and the re-
etricted MLE are biased in small samples but the
amount of the bias can be reduced by using 8 correction
factor (Saw, 1961; Schneider, 1958). The use of this biss
correction is made at the cost of a slightly higher MSE.

An alternative group of estimators uses expected
valuea of normal order statisticy to estimate the mean
and variance of the data set, Conceptually, the simplest
method involves replacement of censored observations
with their predicted value from a linear regression of
observed values on expected order scores (Gilliom and
Helsel, 1986). Other permutations of this procedure es-
timate the mean and standard deviation by the inter-
cept and glope of & regression of the abserved data on
expected order statistica (Barnett, 1975), and re-expreas

the regression calculations as linear combinations of -

the cbaerved values (Gupta, 1952; Sarhan and
Greenberg, 1956). The order statistic methods are un-
biased but have higher MSEs than do the maximum
likelihood estimators. Many of the order statistics
methods were designed to simplify caleulations prior to
the advent of widely available computer resources,

Software

Estimation methods deseribed herein have been in-
corporated inte a Pascal program, UNCENSOR. This

program provides estimates for normal and two-param-
gter, log-normal data sets. Large {n > 20} and small (n =
20} data aets can be handled, UNCENSOR provides es-
timates of mean and variance by the application of sev-
eral order statistics arnd maximum likelihood methods.
At present, these methods include the following: itera-
tive maximum likelihood method (Cohen, 1959), Te-
stricted, one-step, maximum likelihood method {Saw,
1959; Schneider, 1986), iterative order statistic method
("fillin” with expected value, Gleit, 1985) and regres-
sion order statistic method {Looney and Newman, in
prep.). A smali sample size-hias corrected, maxamum
likelihood methed (Saw, 1959; Schneider and Weissfeld,
1886) and log trgnaformation bias sorrection (Aitshison
and Brown, 1957 are available, These methods are de-
scribed in more detail in Appendix A

UNCENSOR requires an IBM PC or close compati-
ble with at least 256K of RAM and a single floppy disk
drive. It will check for and make use of an 8087 math
coprocessor if it is available. It uses a Pull Down
Window Interface (PDWI). Data may be entered as
summary data (example: total number of samples,
number below the DL, DL, mean of uncensored obsar-
wvations, variance of uncensored date) or raw data (n <
1000) fram an ASCII file. Log transformation and sort-
ing of data sets are performed by UNCENSOR when
required. Output can be sent to the acreen or a printer.
Output aptions include a debug option in which inter-
mediate values and results of caleulations are provided.
This public domain program is available fram the se-
nior author.

RESULTS

Table 1 lists the characteristics of the three data sets
used to evaluate these estimation technigues. The null
hypothesis of normality (or nermality of log-trans-
formed values) was not rejected at = = 0.11 for these
dats sets.

Total alkalinity concentrations (n = 135) in the
Savannah River adjacent o the Savannah River Plant
(SRP) appeared to be normally distributed. The re-
placement or deletion estimators (#1-#4) pave biased
estimates of the mean and standard deviation at low
intensities of censoring. When the values belaow the DL
were replaced with either 8 or DL/2, the estimates be-
came increasingly biased downward as the intensity of
censoring increased. This resulted from the lerger dif-
ference between the mean of the observed values and
the replacement value (0 or DL/2) (Figure 1}, The esti-
mates hecame increasingly biased upward when cen-
sored observations were deleted or replaced by the DL.
Relative errors of the standard deviation estimates
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TABLE 1. Bummary of Data Sets Used for Ilustrating the Effects of Data Cemaoring.

Varinhlo Blee N Mean Yarianca Wor D PlrDow'W
Total Savannah 135 18.3 14.7 0.070HD) 0.054
alkalinity River
{mg/L. nn
CalCOy)
Total Savanpeh
iron River
(pg/L 117 87 398
(in M'LJ 117 8487 0.25 007245 0016
Sulfata Pen Branch 2 521 455 0.38T0{W) 0590
{mg S04L) Croeck

N = pampls size

Wand D = the statistic for the test of random sampling from a aermal distribation

P x the probability asgociated with the null hypolbheais that the sample Was taken from a normal populetion. Small values of W snd Iarge valoes of

I imply rejection of the null hypothasis,

show the opposite pattern; replacing censored observa-
tions with 0 or DL/2 leads to estimated standard devia-
tions that are too large, while deletion or replacement
with DL utiderestimates the standard deviation. The
use of 0 in place of the below DL values produced the
most biased estimates of the mean and standard devia-
tion.

The relative eyrors of the three maximum likelibood
estimators were very similar and were small relative to
those of other techniques (Figure 1). All three MLEs
wera ggtentially unbiased when the DL was less than
16 mg/L as CaCQy, (22 percent censoring intensity), and
the biases were relatively small as along as the DL was
below the mean (less than 50 percent censoring inten-
sity). If the DL was close to the mean, all three esti-
mates of the mean are slightly high and all three esti-
mates of the standard deviation are slightly low. The
ROS estimator (¥5) performed nearly as well as the
MLEs. It was essentially unbiased when the DL was
less than 15 mg/L as CaCO;, but it was more biased
than the MLEs as the censoring intensity increased.

Tests of normality of nontransformed and log-trans-

formed walues of total iron in the Savannah River fn = -

117) suggested that these data could be best fitted by a
2-parameter, log-normal distribution. These data were
log-transformed and then censored as described far the
total alkalinity data set. After the mean and standard
deviation of the log-transformed dats were estimated,
equations 8 and 9 were used to compute estimates of
the mean and standard deviation of the untransformed
data. The tnaximum likelihood estimators of the mean
were the least biased, as noted for the alkalinity data,
but no estimator of the standard deviation was best at
alt censoring levels (Figure 2}, The MLEE were gener-
ally the least binsed estimators of the standard devia-
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tion, except when a large fraction of the cbservations
were belaw the DL.

Sulfata eoncentrations in Pen Branch Creek, a ther-
mal stream on the SEP were used to test estimator
performance in 8 small data sst (n = 20, Figure 3). As
with the total alkalinity data set, the ML and ROS es-
timators were less biased than the deletion or replace-
ment estimators. In this small data set, the bias-cor-
rected ML and ROS estimates of the mean were leas bi-
ased, but the estimated standard deviations were more
biased than the other two MLEs. Both the ROS and
bias-corrected ML estimators of standard deviation had

the undesirable property of being biased in noncensored -

samples,

DISCUSSION

Quantitative interpretation of data sets is most ef-
fective when all values are greater than the LOG.
Therefore, an uitimate goa! in analytical method selec-
tion and experimental design selection should be the
generation of a data set with all values in the region of
quantitation. When it is not possible to generate a data
set with all values shove the LOQ {or the DL}, the "no
censcring rule” (Gilbert and Kinnison, 1981; Gilliom et
al., 1984; Porter ¢f al., 1988} i3 recommended during
initial data archiving. The distribution of values within
the varipus regions of measurement should be pre-
sented clearly when reporting results if values are ob-
tained from more than one region of measurement, As
discussed by Porter ef gl (1988), estimation should be
made of system error in conjunction with reporting data
under the "no censaring rule”.
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When only the censored data set is available, omis-
gion of values below the DL or use of 0, DL/2, or DL in
place of values below the DL produces hirsed estimates
of mean and variance during subsequent statistical
analysis. The intensity of the bias will worsen as the
degree of censoring increases. Therefore, the use of
these techniques is not recommended.

When knowledge of the underlying distribution for
the censored data set is available, the mean and vari-
ante can be estimated for censored date sets, Clearly,
the value of the estimates of mean and variance of cen-
sored or noncensored data sets will depend on the
validity of the assumptions regarding the underlying
distribution. As the intensity of censoring increases, the
information available for establishing the nature of the
underlying distribution decreases.

Gilliom and Helsel (1986), and Helsel and Gilliom
(1986) correctly question the ease of assigning a cen-
sored water quality data set to a specific parent distri-
bution, These authors examined the behaviors of sev-
erel estimation methods for censored data with un-
known parent distributicns or for censored data sets
with misclagsified distributions, The most robust esti-
mation method for estimating the mean and variance
was least squares regression of normal scores after log
transfarmation of the ohservations (ROS or Gleit, 19885,
MLE methods performed poorly 8t high intensities of
censoring. Difficulties associated with accurate classifi-
cation are dependent on the sample size, censoring in-
tensity, and relative guartile range (rqr} (Gilliom and
Heisel, 1986). When insufficient information is avail-
able regarding the parent distribution, thesa robust es-
timation methods should be employed.

Numerous statistical methods are available for esti-
mation of mean and variance of Type 1- and Type [1-
censored data sets (Table 1). Maximum likelihood and
order statistice methods for normal and 2-parameter,
log-normal distributions are presented here. Further
discussion of these and other methods for normally
distributed, censored data sets can be found in the
works of Stevens (1837}, Hald {1949}, Cohen (1$50,
1957, 1969, 1961}, Gupta {1952), Sarhan and Greenberg

(1956, 1958, 1862) Saw (1959, 1961) and Schneider -

{1986), Detailed diacussions of estimation methodolo-
gies for 2-parameter, log-normally distributed datae sets
are availeble in Aitchison and Brown (1957), Kushner
(1978), and Gilbert and Kinnisen (1981}. Similar dis-
cusgions of 3-parameter, jog-normally diatributed data
setx are found in Spiller {1948), Harter and Moore
(1966}, Munro and Wixley (1970}, and Gilbert and
Kinnison (1981). Watterson (1959] extended the meth-
ods of Gupta {1952), and Sarhan and Greenberg (1956,
1958} to inciude rensared, multivariate samples, Coben
¢t al. {1978) provided maximum likelihood methods for
left-censored Weibull and Gamma distributions.

WATER RESCURCES BULLETIN

Selection of any of the above methods depends on the
underlying distribution, number of samples, nature of
censoring, acceptable levels of hias and efficiency, in-
tensity of censoring and computational ease. For those
writing their own computer programs or performing
calculation by hand, we suggest the use of the restricted
MLE (Estimator #7) (Persson and Rootzen, 1977) as an
easily computed and statistically well behaved estima-
tor of mean and variance of normal and 2-parameter,
log-normal data sets when the underlying distribution
is known. These methods are not recommended for
mean and variance estimetion when data ¢lagsification
to & parent distribution 12 ambiguous.

Methods for estimating mean and variance for mul-
tiple detection limit censoring of environmental data
sets arve still being established (Helszal and Cohn, 1988).
Acceptability of direct applicatien of methods for singly
cenaored data was assessed and rejected as compro-
mised during Monte Carlo simulations. Cansiderable
information was lost when the highest DL was used as
the single threshald of censoring in these simulations.
Helsel and Cohn (1988) evaluated probability plotting
(Hirsch and Stedinger, 1986), maximum likelihood
{Cohen, 19768) and adjusted maximum likelihood
{Cohen, 1988) methods of estimating mean and vari-
ance for MDLC log-normal data sets. The adjusted
maximum likelihood methed had the lowest root-mean-
afquare error (rm&e); but, when misspecification of the
parent distribution wags likely, the robustness of the
probability plotting method was superor to the other
methods.

Other methods developed for multiple censored life
testing data have not been assessed completely for use
with MDLC data. Type | progressively censored data
seta arise when subsets of items are removed from the
life test in a series of time intervals (T;). Each subset
hes an increasing maximum time to failure as the ex-
periment progresses. Time intervals are fixed, and the
number of survivors is random (Cohen, 1975), For left-
censoring as discussed herein, Type I progreasive cen-
soting would invelve a fixed DL for each subset and &
random number of ohservations below the DLs. Type II,
right-censoring of similar data, hag been defined in the
statistical literature as multiple censored {Herd, 1956)
or hypercensored (Roberts, 1962) samples. In thia type
of ecensoring, the number of survivors is fixed, and the
time intervals (T} are randem (Cohen, 1975). For left-
censoring ag discussed herein, Type 1l progressive cen-
soring would have random DL with the number of ob-
servations below each DL fixed. If the parent distribu-
tion is known, a rich literature iz available for consid-
eration. For example, Cohen discusses maximum likeli-
hood methods for progressively censared life testing
data sets from normal (Cohen, 1963), exponential
{Cohen, 1963}, 3-parameter Weibull (Cohen, 1975), 3-
parameter log-normal {Cohen, 1976} and 3-parameter
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gamma (Cohen and Norgaard, 1877) distributions.
Further asaeszsment of these techniques for use with
MDLC water guality dats setz is needed. Theae
methods would be especially valuable during statistical
analysis of long-terr monitoring data.

SUMMARY

1. An ultimate goal of analytical methad development
and experimental design should be the generation of
data sets with all values above the LOG.

2. The "neo censoring rule” should be observed during
data archiving when the data set contains values in
several regions of measurement.

3. The omission of values below the DL or the use of 0,
DL/2, or the DL in place of the values below the DL

may prodiuce biased estimates of mean and variance.

4. Several statistical methods are available for
estimating means and variances for Type [- and II-
censored data sets, Restricted maximum likelihood
estimates are easily computable, are less biased and
more accurate than the cther estimaters when the
parent distribution iz known. The robustness of re-
gression of normal scores after log transformation of
the data suggests that these methads are the most
effective when a parent distribution cannot be iden-
tified.

5. UNCENSOR, a public domain Pascal program, is
available for application of maximum likelihood and
order statistics methods to normal ang 2-parameter
log-normal data sets,

6. Methods for coping with MDLC of environmental
data seta remain ill-defined. Further work in this
ares is needed.
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APPENDIX A: METHODS USELD HEREIN.

We selected four estimaters that had low bias and
low MSE in Schneider's simnlation (Schneider, 1986).
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The four estimators included three MLE methods and
one order statistics method. As discussed below, MLE
methods are based on the statistical properties of the
noncensored portion of the data, adjusted for the theo-
retical effects caused by the defined intensity of censor-
ing. Order statistics are based on the behavior of the
noncensored portion of the data assuming an underly-
ing normal probability density function for the entire
data set. All of these methods explicitly rely on the ac-
ceptahility of the assumed probability distribation.

A variety of order statistics methods are available
for data sets censored at the DL. While all of these
methods are fundamentally similar, we demonsirate a
Tegression on expected order statistics (ROS) methad
because it ig conceptually straightforward, general in
nature, and essentially the same estimator as recom-
mended by Gleit (1986) in his simulation study.
Observations are ranked from smallest to largest with
values below the DL treated as the smallest values. Let

n = total number of chservations,
k = number of observations below the DL,
¥%; = thei'th ranked cbhservation,
X; = the smellest value,
Xy, = the smallest detectable value, and
%, = thelargest value,

If the observations comprising the sample are ran-
domly drawn from the population, the ordered data
values would divide the underlying probability density
function into eqgual areas. Thus, an estimated plotting
position ¢n an appropriate coordinate system can be
calenlated for each point such that the noncensored
portion of the data will fall on a straight line.
Specifically, we calculate A; = F! [(i — 3/8¥n + 1/4)]
where F-1[x] is the inverse cumulative normal distribu-
tion function (Blom, 1958; Mandel, 1964 Preas ef al.
{1986). Consider only the n-k points above the DL and
regress X; on A; to estimate & and b in the equatian,

K =a+bA +s. (1)

The mean of the noncensored distribution is estimated
by a and the standard deviation is estimated by b,

The maximum likelihood estimators of a Type I cen-
sored normal distribution were derived by Cohen (1950,
1958). The MLEs of the mean and standard deviation
are those values that solve the system of equations:

k fle)
- [55)7) @

a2=[82+{§-—ﬂ2}]f[1+e(ﬁ)(%)] (3)

"1

fL-
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Y (4)

Rx) = the distribution function for the normal
distribution,

Fx} = the cumulative distribution function for
_  the normal distribution,
x = the mean of all values above the DL, and
8 = the population standard deviation of all

values above the DL

This system has no closed-form solution and must be
solved iteratively. Choose suitabie starting values for )
and & such as x and S, compute € using (4), and use
(2) and (3) to compute new estimates of L and &,
respectively. Iterate this process until the change in the
estimates is less then some predetermined criterion.

Explicit solutions to the MLE equations can be ob-
tained by imposing & small restriction (Persson and
Rootzen, 1977), The number of cbeervations with values
below the DL has a binomial distribution with param-
eters, o and F(e) (see definitions above). Using the
properties of the binomial distribution, a natural esti-
mate of F{e} is i/, hence £ can be estimated by:

£ = F [’nl) &)

The restriction to the MLEs is the replacement of e in
equations 2 and 3 with2. These restricted equations
can be solved explicitly to give the following (Persson
and Rootzen, 1977

LML = X — ac* {6)
ﬁ'm]_, = Szwfﬂ —8.2.:II fﬁ*]z T
where:
a = Fg}invk),
C =¢#(x-DL),
o* = 5IC+VC? +48¢ + 4( x— DL¥),

Fix normal probability density function, and

defined in {5) above.

M e

Both the iterative MLEs and the restricted MLEs
are biased, but they have lower mean-squared errors
than ether, unbiased estimators. The low mean-squared
error makes these estimators attractive to a statisti-
cian, but many users prefer unbiased estimators. The
bias in the MLEs can be reduced by finding an equation
to approximate the hias and using it to compute a cor-
rected estimate. Bime approximatiens for Type II cen-

sored normatl samples have been derived in Saw (1961),
Schneider (1986}, and Schneider and Weissfeld (1986).
The bias corrected MLEs are given by the following:

&
ﬂﬂﬂ=ﬂ—n+13mlnlk} (8)
8ac = &+ ——B (&1, k) ®)

where the bias in the mean (B §i,n,k)} ia approximately

-k
[2.592 —5.439 (:—J)]

and B (&,n,k) i2 approximately

—k
[0,312 +0.8569 (L—l}r

The expressions for the approximate bias were obtained
by Bchneider (1986} by least-squares fitting of Saw's ta-
bles (1961). Although derived for Type II tensoring,
these bias corrections should also reduce the bias of
Type I censored samples.

Mean and variance estimators for Type I-censored,
2-parameter log-nermally distributed variables were
obtained by using the above metheds on log-trans-
formed data. The resulting estimates were used in the
following equations as described in Gilbert and
Kinnison [1981):

e

L= ey, (022) Q0)
-2
i [wn(%:"}—%[h&ﬁ]] (a1
2 =e
whare
n = the number of observations,
H; = the estimate of the mean for the log-trans-
formed data,
d; = the estimate of the standard deviation for

the log-transformed data, and
vt} = a wvalue obtained from Table A2 of
Aitchison and Brown {19573

It is important to realize thet a simpie, back-trans-
formation of mean and variance estimates from
censored, log-transformed data will produce biased
estimnators of the arithmetic mean and variance of log-
normally distributed data. The reader iz referred to
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Chapter 5 of Altchison and Brown (1987) for further
disstzaion of this point.
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